The coupling between dark sectors provides a possible approach to mitigate the coincidence problem of cosmological standard model. In this paper, dark energy is treated as a fluid with a constant equation of state, whose coupling with dark matter is proportional the Hubble parameter and energy density of dark energy, that is,Q = 3ξxHρx. Particularly, we consider the Hubble expansion rate to be perturbed in the perturbation evolutions of dark sectors. Using jointing data sets which include cosmic microwave background radiation, baryon acoustic oscillation, type Ia supernovae, and redshift-space distortions, we perform a full Monte Carlo Markov Chain likelihood analysis for the coupled model. The results show that the mean value with errors of interaction rate is: ξx = 0.00305 , which means that the recently cosmic observations favored small interaction rate which is up to the order of 10 −3 . Moreover, in contrast to the coupled model with unperturbed expansion rate, we find perturbed Hubble expansion rate could bring about negligible impact on the model parameter space.
I. INTRODUCTION
The analysis on the cosmological standard model from the Planck data [1-3] tells us that dark energy occupies about 68.3% of the Universe, dark matter accounts for 26.8%, and baryonic matter occupies 4.9%. Although the ΛCDM model, which is consisted of the cosmological constant and cold dark matter, is in good agreement with the cosmic observational data, it meets with the coincidence problem [4] [5] [6] . An effective method to alleviate this issue is to consider the coupling between dark matter and dark energy. The coupling of dark sectors would influence the background evolution of the Universe and affect the growth history of the cosmic structure. Up to now, it is different to identify the coupled form from the fundamental theory. Thus, the coupled dark energy models are mostly on the phenomenological consideration. We roughly class these interaction forms into two types. The first type of coupled model is only related to the energy densities of dark fluids [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . The second type of coupled model is proportional to the Hubble expansion rate and energy densities of dark sectors. .
The coupling between dark sectors could significantly affect the growth history of cosmic structure, one can see Refs. [9, 13, 14, 19, 27, 52] . In the test of galaxy clustering, the redshifts need to be translated to distances, so the measured clustering would be highly anisotropic. An important source of this anisotropy are redshift-space distortions (RSD) [56] . RSD arise because peculiar velocities contribute to observed galaxies redshifts, a spherical overdensity appears distorted by peculiar velocities when observed in the redshift space. On linear scales, the overdenstiy appears squashed along the line of sight. For a detailed review of RSD, one can see Ref. [57] . RSD allow measurements of the amplitude of fluctuations in the velocity field, in linear theory, a model-dependent measurement of f σ 8 (z) has been suggested in Ref. [58] , where σ 8 (z) is the overall normalisation of the matter density fluctuations. Many RSD measurements have been summarized from a variety of galaxy surveys in Table I , including the 2dFGRS [59] , the WiggleZ [60] , the SDSS LRG [61] , the BOSS CMASS [62] , the 6dFGRS [63] , and the VIPERS [64] surveys. These measurements have in turn been used to set constraints on the cosmological growth rate. Moreover, a lower growth rate from RSD than expected from Planck data was also pointed out in Ref. [65] .
The RSD-derived f σ 8 (z) tests provide a very powerful and robust test of both the nature of dark energy and modified gravity, and could be used to constrain basic cosmological parameters. What's more, f σ 8 (z) measurements could significantly enhances the constraints on the model parameter space compared to the case where only geometric tests are used. The jointing constraints on several models have been tested in Refs. [66] [67] [68] [69] [70] [71] . For the coupled dark energy model, the geometry measurements mildly favor the coupling between dark sectors [19, 25, 28, 54] , at the same time, the measurement about the growth rate of dark matter perturbations could rule out large interaction rate. Under the inspiration of this idea, Yang and Xu combined the geometric tests with the RSD measurement to constrain the dark energy model when the momentum transfer was vanished in the rest frame of dark matter or dark energy [23, 24] , the jointing data sets was able to estimate the parameter space to high precision and evidently tighten the constraints, they found cosmic observations favored small interaction rate, however, only the background expansion rate was considered. In this paper, we will extend this work to investigate the coupled dark energy model with perturbed Hubble expansion rate, which is inspired by Ref. [22] . In this case, H denotes the total expansion rate (background plus perturbations), H =H + δH. If we consider that the energy transfer rate is proportional to the Hubble parameter and the energy density of dark energy, the background coupling term isQ = 3ξ xHρx (ξ x is called as the interaction rate), and the perturbation part of the interaction is δQ = 3ξ xHρx (δH/H + δ x ). This coupled form with regards to energy density of dark energy is free of large scale instability [17, 19, 21] . Furthermore, in the light of the analysis in Refs. [19, 21] , the stability conditions of the perturbations are ξ x > 0 and (1 + w x ) > 0. As for the phantom case w x < −1, together with ξ x < 0, which does not suffer from the instability, but we exclude it on account of the unphysical property [72] . This paper is organized as follows. In Sec. II, we consider the coupled model between dynamical dark energy and cold dark matter, hereafter, we call it as the ξwCDM model. With perturbed Hubble expansion rate, we deduce the perturbation equations of dark sectors in the rest frame of dark matter or dark energy. In Sec. III, we present the cosmological implications of the interaction rate. Then, we constrain the coupled dark energy model with jointing the RSD measurements and geometry tests. The last section is the conclusions of this paper.
II. THE BACKGROUND AND PERTURBATION EQUATIONS OF DARK FLUIDS
In a flat Friedman-Robertson-Walker (FRW) universe, according to the phenomenological approach, the coupling could be introduced into the background conservation equations of dark matter and dark energȳ
where the subscript c and x respectively stand for dark matter and dark energy, the prime denotes the derivative with respect to conformal time τ , a is the scale factor of the Universe, H = a ′ /a = aH is the conformal Hubble parameter, w x =p x /ρ x is the equation of state (EoS) parameter of dark energy.Q > 0 presents that the direction of energy transfer is from dark matter to dark energy, which changes the dark matter and dark energy redshift dependence acting as an extra contribution to their effective EoS;Q < 0 means the opposite direction of the energy exchange.
In a general gauge, the perturbed FRW metric is [15, 17, 19 ]
where φ, B, ψ and E are the gauge-dependent scalar perturbations quantities.
The general forms for density perturbations (continuity) and velocity perturbations (Euler) equations of A fluid [15, 17, 19] 
is the volume expansion of A fluid in Fourier space [17, 80] , θ is the volume expansion of total fluid, v A is the peculiar velocity potential, k is the wavenumber; c 2 aA is the adiabatic sound speed whose definition is c [17, [81] [82] [83] . In order to avoid the unphysical instability, c 2 sA should be taken as a non-negative parameter [17] . f A is the momentum transfer potential, which is usually assumed that [23] , where the energy-momentum transfer four-vector Q µ A is relative to the four-velocity u µ , and it can be split as , 17, 19] . When the perturbed Hubble expansion rate is considered in the perturbation equations of dark sectors, H denotes the total expansion rate (background plus perturbations), H =H + δH. In order to satisfy the gauge invariance of the theory, the expansion rate is chosen to be associated to the the volume expansion of total fluid [22] . Then, in the synchronous gauge, the scalar perturbations are characterized by the metric perturbations h and η [80] , and the gauge transformation relations are φ = B = 0, ψ = η, and k 2 E = −h/2 − 3η. According to the analysis on the contribution from the expansion rate perturbation δH/H in Ref. [22] , [17, 22] , we could obtain the continuity and Euler equations of dark sectors [23] 
where perturbed expansion rate affects the perturbation equations by means of the last terms in Eqs. (6) and (7). Next, we would pay attention to the cosmological implications and constraint results of the interaction rate. Moreover, we try to find the difference between the coupled model with and without perturbed expansion rate.
III. COSMOLOGICAL IMPLICATIONS AND CONSTRAINT RESULTS
A. Theoretical predictions of CMB temperature, matter power spectra, and f σ8(z)
In order to clearly show the cosmological implications of the interaction rate ξ x , it is necessary to keep some model parameters fixed but only ξ x varied in the modified CAMB codes, so that we could find the cosmological effects of the coupling between dark energy and dark matter from the theoretical aspect. Firstly, we show the the influences on CMB temperature power spectra for varied interaction rate ξ x in Fig. 1 . According to the background evolution equation of dark matter, with fixed density parameter Ω c today, enlarging the values of positive ξ x would bring about greater corresponding Ω c in the past, which could make the moment of matter-radiation equality earlier; therefore, the sound horizon is decreased. As a result, the first peak of CMB temperature spectra is depressed. As for the location shift of peaks, following the analysis about location of the CMB power spectra peaks in Ref. [86] , since the increasing ξ x is equivalent to enlarging Ω m , the peaks of power spectra would be shifted to smaller l. The similar case has occurred in Refs. [19, 23, 24] . At large scales l < 100, the integrated Sachs-Wolfe (ISW) effect is dominant, the changed parameter ξ x affects the CMB power spectra via ISW effect due to the evolution of gravitational potential. Here, it is necessary to point out that the CMB power spectra own similar evolutions with ones of unperturbed H coupled model (It is noted by gray lines in Fig. 1) . Then, we also plot the influences on the matter power spectrum P (k) for the different values of interaction rate. With the increasment of ξ x , the matter power spectra are enhanced at both lower and higher redshifts because of earlier moment of matter-radiation equality. With a large value of ξ x , there are little difference on the matter power spectra with ones of unperturbed H coupled model (It is noted by gray lines in Fig. 2 ), however it is not significant. Both the CMB temperature and matter power spectra are negligibly influenced by the interaction rate, even if perturbed expansion rate alters the perturbation equations by the last terms in Eqs. (6) and (7). Fortunately, the growth history of cosmic structure would be very sensitive for varied interaction rate.
In order to investigate the effects of interaction rate to f σ 8 (z), we fix the relevant mean values of our constraint results in Table III and Table IV , but keep the model parameter ξ x varying in a range. In ten different redshifts (which could be used to compare with the observed f σ 8 data points), we derive the theoretical values of the growth rate from the new module in the modified CosmoMC package. When ξ x is fixed on a value, We fit the ten theoretical data points (z, f σ 8 (z)) and plot the evolution curves of f σ 8 (z) in Fig. 3 . At both lower and higher redshifts, the curves of f σ 8 (z) are enhanced with the increasing the values of ξ x . Particularly, it is easy to see that the evolution curves of f σ 8 (z) are significantly distinguishing from ones of unperturbed H coupled model (It is noted by gray lines in Fig.  3 ), even if the value of interaction rate is very small. We could qualitatively analyse why the evolution difference of f σ 8 (z) between these two models becomes large with reducing the redshift. For fixed ξ x , at the higher redshift, the component of dark energy is subdominant, the last term of Eq. (7) affecting the growth rate is trivial, which would slightly affect the evolution curves of f σ 8 . Nonetheless, at the lower redshift, the dark energy gradually dominate the late Universe, the last term of Eq. (7) would significantly influence the cosmic structure growth, which could bring about more obvious difference on the evolutions of f σ 8 (z) between the coupled model with or without perturbed H. To some extent, the RSD tests could break the possible degeneracy between perturbed H coupled model and unperturbed H coupled model. 
B. Data sets and constraint results
For the ξwCDM model, we consider the following eight-dimensional parameter space
the priors of the basic model parameters are shown in the second column of Table III or Table IV . The pivot scale of the initial scalar power spectrum k s0 = 0.05M pc −1 is adopted. Moreover, the priors of the cosmic age 10Gyr < t 0 < 20Gyr Table I TABLE II: The used data sets for our MCMC likelihood analysis on the coupled dark energy model, where l is the multipole number of power spectra, and WMAP9 is the abbreviation of nine-year Wilkinson Microwave Anisotropy Probe.
and Hubble constant H 0 = 73.8 ± 2.4kms −1 M pc −1 [73] are used. In order to avoid the unphysical sound speed, we assume c 2 sx = 1 according to Refs. [15, 17, 19] . For our numerical calculations, the total likelihood χ 2 can be constructed as
where the four terms in right side of this equation, respectively, denote the contribution from CMB, BAO, SNIa, and RSD data sets. The used data sets for our Monte Carlo Markov Chain (MCMC) likelihood analysis are listed in Table  II .
After running eight chains in parallel, the mean values with errors and best-fit values, respectively, presented in the third and fourth columns of Table III and Table IV . In Figs. 4 and 5, We present the one-dimensional (1D) marginalized distributions of parameters and two-dimensional (2D) contours with 68% confidence levels (C.L.), 95% C.L., and 99.7% C.L. In order to clearly see that the impact on the cosmological constraints of perturbed expansion rate, we also show the constraint results on ξwCDM model with unperturbed H coupled model in the fifth and sixth columns of Table III and Table IV. Firstly, we pay attention to the interaction rate in the coupled dark energy model. Using CMB from Planck + WMAP9, BAO, SNIa and RSD measurements, the results showed the interaction rate in 3σ regions: ξ x = 0.00305 . We find the recently cosmic observations indeed favor small interaction rate. Moreover, in 1σ region, the f σ 8 (z) tests could rule out large interaction rate. Then, based on the same observed data sets (CMB from Planck + WMAP9, BAO, SNIa and RSD), in contrast to the constraint results of ξwCDM model with unperturbed H, the new terms in the perturbation equations arising from the expansion rate perturbation have negligible quantitative impact on the constraints on cosmological parameters, even if perturbed expansion rate alters the perturbation equations by the last terms in Eqs. (6) and (7). We could draw the same conclusion from both the two coupled cases Q µ A u µ c in Table III Table IV . That is to say, the constraint results between the perturbed H and unperturbed H coupled model are compatible with each other. For these two coupled models with or without perturbed expansion rate, it would be also very hard to distinguish them.
IV. SUMMARY
In this paper, we considered that the energy transfer rate was proportional to the Hubble parameter and energy density of dark energy, where the expansion rate was the total expansion rate (background plus perturbations), so the background coupling term wasQ = 3ξ xHρx , and the perturbation part was δQ = 3ξ xHρx (δH/H + δ x ). We have deduced the perturbation equations of dark sectors in the rest frame of dark matter or dark energy. The interaction rate was the most characteristic parameter in the coupled model, so we have carried out the analysis on the cosmological implications of this parameter. It was found that the CMB temperature and matter power spectra owned similar evolutions, however, the growth history of structure could break the degeneracy between the ξwCDM model with perturbed H and coupled model with unperturbed H. . It meant that the currently available cosmic observations favored small interaction rate which is up to the order of 10 −3 , at the same time, the f σ 8 (z) test could rule out large interaction rate in 1σ region. Besides, compared to the previous papers [23, 24] , we do not find the significant difference on the model parameter space, so it would be very hard even in the future to distinguish the coupled model with perturbed H from coupled model with unperturbed H. , the 1D marginalized distributions on individual parameters and 2D contours with 68% C.L., 95 % C.L., and 99.7% C.L. between each other using the combination of the observed data points from the CMB from Planck + WMAP9, BAO, SNIa, and RSD data sets.
